We describe the moduli space of morphisms between polarized abelian varieties. The discrete invariants, derived from a Poincaré decomposition of morphisms, are the types of polarizations and of lattice homomorphisms occurring in the decomposition. They are sufficient in order to detect the irreducible components for the moduli space of morphisms which are compatible with the polarizations.
Introduction
We describe the moduli space of morphisms between polarized abelian varieties. There is a class of morphisms which may be said to be compatible with the polarizations, however the general treatment in this paper includes arbitrary morphisms.
A system of discrete invariants is derived from a Poincaré decomposition of morphisms. The sequence δ which collects the types of the polarizations occurring in the decomposition is an invariant. A second invariant is the sequence of the types of morphisms in the decomposition. A single morphism of abelian varieties with respect to symplectic bases gives rise to an integer matrix M which represents the induced homomorphism in homology, and what is determined relative to the polarizations is the equivalence class [M] under the natural action of symplectic groups. In the same way a Poincaré decomposition, which is a sequence of elementary morphisms, determines a sequence τ of integer matrices relative to symplectic bases, and what is invariant is the equivalence class [τ ] under a natural action of a product of symplectic groups.
Thus we construct complex analytic varieties F δ [τ ] which are coarse moduli spaces for morphisms of the given type. They are obtained from locally closed subvarieties inside products of Siegel spaces modulo actions of discrete groups. The morphisms which are compatible with the polarizations are precisely the morphisms belonging to certain special types, and for these types the moduli varieties F δ [τ ] are irreducible. In other words the invariants that have been constructed are sufficient in order to detect the irreducible components for the moduli space of morphisms which are compatible with the polarizations. Several instances of these modular varieties occur in the literature, see [3] , [4] , [5] , [6] , [7] , but there was no general treatment.
The motivation for the present work was to prepare a study of the moduli space of morphisms from curves into abelian varieties, principally polarized. For principal polarizations, we only mention the dimensions of abelian varieties in the symbol F g n [τ ] . There is the cartesian diagram
where M g → A g is the Torelli map, and where * is the place for the fibred product
This is the moduli space for morphisms of curves into abelian varieties of the given type. A question is whether is it irreducible. Another question is for what g and for what types τ is the projection * −→ A n dominant. This is the subject of some recent papers [1] , [2] , which have inspired our work. It is worth to mention in passing the kind of results that are proven. Rephrased in terms of the moduli space above, there are inequalities 2g − 2 ≥ N ≥ O(n 2 ) for the dimension N of a component which dominates.
A first invariant
A notice about notation. As morphisms between abelian varieties we mean in the following the morphisms of algebraic groups. They are the same as the morphisms of algebraic varieties modulo translations in the range. The abelian varieties are polarized, and we use two different symbols relative to a polarization, D for the sequence of elementary divisors, the type of the polarization, and D for the matrix which represents the alternating form of the polarization with respect to a symplectic basis. General reference for abelian varieties is [8] .
Define F ′ D,E = morphisms f : X → Y of abelian varieties with polarizations of the given types, both endowed with symplectic bases, modulo isomorphisms X ∼ = X ′ , Y ∼ = Y ′ which preserve the bases
morphisms of abelian varieties with polarizations of the given types, modulo isomorphisms which preserve the polarizations
The group Γ D,E acts on the set F ′ D,E by producing the change of symplectic bases, and there is an identification
To a morphism f is associated the homomorphism f 1 :
. With respect to the symplectic bases that are given, this is represented by an integer matrix M. This defines a map
The group Γ D,E also acts on the set Hom(Z 2n , Z 2m ) by producing the equivalence of matrices that represent a given homomorphism f 1 under a change of bases. The map above is equivariant with respect to the actions of Γ D,E on the two sets, and there are isomorphisms γ :
of the fibres over two matrices in the same orbit. For the quotient map
the fibre over an equivalence class [M] is represented as a quotient 
Moduli of isogenies
The invariant defined in the preceding section is indeed sufficient for classifying the isogenies.
Let f : X → Y be a morphism of varieties of the same dimension n. It is an isogeny if and only if the associated matrix relative to the symplectic bases has det M = 0. Then there is an exact sequence
where the group F is defined as the cokernel of M. There is an isomorphism F ∼ = ker(f ). Let D, E be the types of the polarizations on X, Y . In general they are independent. The polarization on X is the pullback of the polarization on Y if and only if the matrix M satisfies Proof. Given the complex torus Y , by means of the identification H 1 (Y ) = Z 2n , from the exact sequence (1) is deduced a monodromy H 1 (Y ) → F → 0 and this determines a complex torus X together with a covering map X → Y , unique up to isomorphisms. Note that from the exact sequence an identification H 1 (X) = Z 2n is also obtained, hence a symplectic basis for an antisymmetric form of type D. Conversely, given the complex torus X and an identification H 1 (X) = Z 2n , by means of the exact sequence is deduced an inclusion F ⊂ X, hence a quotient torus Y = X/F , together with an identification H 1 (Y ) = Z 2n , a basis for an antisymmetric form of type E. Proof. Let f : X → Y be a morphism of complex tori constructed as in the preceding proof. The group H 1 (Y ) has a symplectic basis for an antisymmetric form η. This has a natural R-bilinear extensionη to the space
such that im (η) coincides with η on H 1 (Y ), and one has a polarization if and only ifη is a positive hermitian form. Similarly by construction H 1 (X) has a basis for an antisymmetric form ξ which has a natural extensionξ. The two bases are related through the matrix M. The relation (2) between the types is the condition so that there is equality ξ = f * η of the antisymmetric forms. This impliesξ = f * η . As the induced isomorphism f 
where the sets in the bottom line are the two images into H n .
Proposition 3.3. The bijection in the bottom line is an isomorphism between two locally closed analytic subvarieties of the Siegel space.
Proof. An element of the space H n is represented by some lattice basis, that we denote by λ, such that the alternating form defined by (λ, λ) = E extends as the imaginary part of some positive hermitian form, a condition which the Riemann relations express in terms of the Siegel coordinates of λ. The lattice γ := λM determines the complex torus X that covers the torus Y determined by λ. Putting (γ, γ) = D an alternating form is defined which in turn represents a polarization if and only if are satisfied more quadratic equalities and inequalities on λ, which derive from the Riemann relations for γ. All these equalities and inequalities on λ all together define a locally closed analytic subvariety
through the equalities and inequalities which express the conditions so that a lattice basis γ is such that the alternating form (γ, γ) = D is a polarization and moreover on the lattice λ := γM −1 the alternating form (λ, λ) = E is also a polarization. The correspondence γ ↔ λ is an isomorphism between the two varieties.
An isomorphism between isogenies of the same type M is represented by a pair of symplectic matrices A, B such that MA = BM. In other words there is a diagram of homomorphisms
where α, β are the two projections, and where φ M is the inner automorphism of GL(2n, Q) such that
The actions of the groups α Γ D,E (M) and β Γ D,E (M) on the two varieties are properly discontinuous, because they are obtained as restrictions of the actions of symplectic groups. It is well known that on the quotient spaces then there are natural structures of analytic varieties. Moreover in the diagram of bijections
the arrow in the bottom line is an isomorphism of varieties. This determines on F D,E [M] a unique structure of variety.
Theorem 3.4. This is the coarse moduli space for isogenies of the given type.
Proof. The statement means two things. First, the variety F D,E [M] parametrizes a universal family of isogenies. This is constructed in a natural way from the universal family of abelian varieties over the Siegel space. Second, every flat family of isogenies determines a morphism to the variety of moduli. A family of isogenies is a diagram
i.e. a morphism between two families of polarized abelian varieties X, Y over T . Locally over open subsets T ′ ⊂ T the two families can be endowed with symplectic bases and this determines two liftings Examples 3.6. We end with recalling some known examples which fall within the scope of the preceding description. 1. Isogenies of elliptic curves, the case n = 1. In this case every integer matrix M under symplectic transformations is reduced to a diagonal form 1 × D) . Cfr. [8, p. 245] . This modular variety is studied in [6] , [7] .
Refined invariant from reducibility
For embeddings of abelian varieties a refined invariant is derived from the Poincaré reducibility.
Let e : X ֒→ Y be an embedding into a polarized abelian variety. There is an abelian subvariety X ′ ⊂ Y such that the sum s : X × X ′ →Y is an isogeny. In other words the kernel X ∩ X ′ is a finite subgroup and moreover X + X ′ = Y . If η is the polarization on Y , and if ξ, ξ ′ are the induced polarizations on the subvarieties, then s −1 (η) = ξ + ξ ′ in the Neron-Severi group of X × X ′ . Because of this property the complementary variety X ′ is uniquely determined.
Remark that on the subvarieties we consider the induced polarizations. Introduce symplectic bases in X, Y and also in X ′ . The induced homomorphism s 1 :
where the integer matrix M has determinant = 0, and where F is defined as the cokernel. Note that the invariant introduced in section 2 is just one half of the present one.
Denote by D, D ′ and E the types of the polarizations on X, X ′ and Y . Then one has
The type of the sum polarization on X × X ′ may easily be derived. The matrix M satisfies an additional property. 
Proof. The isogeny is a sum of embeddings if and only if the inclusion F ֒→ X × X
′ is given by a pair of inclusions F ֒→ X, X ′ . If the condition is satisfied, as in the beginning of the section, callingX = X/F,X ′ = X ′ /F the quotient varieties, the product isogeny X × X ′ →X ×X ′ factorizes as
Introducing bases also in the homology of the varietiesX andX ′ , a diagram is obtained
where the bottom line is the pullback of the top line under the diagonal homomorphism of F , and where the top line is a product of two exact sequences. In particular both matrices R, R ′ have cokernel = F . Note that the quotient varieties in general do not inherit the polarizations.
Conversely if there exists the diagram of integer homomorphisms as above then the inclusion of the subgroup into the product variety is given by a pair of inclusions. 
What has been defined in the present section is a natural map
The group Σ D,D ′ ,E also acts on the set of matrices, by producing the equivalence of matrices for a given homomorphism s 1 under a change of symplectic bases. Explicitely, the element A, A ′ , B of the group sends the matrix M to the matrix BM(A × A ′ ) −1 . The classifying map above is equivariant with respect to the actions of Σ D,D ′ ,E and therefore induces a map
whose fibres are represented as
where Σ D,D ′ ,E (M) denotes the stabilizer of M.
Moduli of embeddings
Proposition 5.1. There is a natural bijection
Proof. To an embedding is associated a pair of varieties, as we have seen. Conversely, given the two varieties, by means of the identification
is deduced. Define Y = X × X ′ /F and call s : X × X ′ → Y the quotient isogeny. One has moreover an identification H 1 (Y ) = Z 2(n+n ′ ) , a symplectic basis for an alternating form η of the given type. Condition (4) on the types implies that ξ + ξ ′ = s −1 (η). Using the same argument as in the proof 3.2 it is then seen that η is a polarization. The inclusion of the subgroup is given in fact by a pair of inclusions F ⊂ X, X ′ , because of property 4.1 of the given exact sequence. This implies that the restriction X → Y is indeed an embedding.
An isomorphism between two embeddings of the same type M is represented by symplectic matrices A, A ′ and B such that M(A × A ′ ) = BM. In other words there is a diagram of inclusions
where the descending arrows are the natural projections, and where the horizontal arrow is the restriction of conjugation by M. Therefore
A product of Siegel spaces H n × H n ′ is the moduli space of embeddings with symplectic bases of polarizations of the given types. The group α Σ D,D ′ ,E (M) acts on the product through the actions of symplectic groups. Hence the action is properly discontinuous and there exists the quotient variety. The bijection
introduces on the left hand side the structure of a variety.
Theorem 5.2. This is the coarse moduli space of polarized embeddings of the given type. It is an irreducible variety.
Proof. It is not difficult to construct the universal family of embeddings parametrized by the variety of moduli. Moreover every flat family of embeddings X → Y, parametrized by a variety T , determines a morphism to the variety of moduli. In fact a family of complementary varieties X ′ is determined, with the induced polarizations. Locally on every sufficiently small open subset T ′ ⊂ T the families can be endowed with symplectic bases, and this determines two liftings
Example 5.3. Embeddings of elliptic curves into abelian surfaces, the case n = 1, n ′ = 1, the varieties endowed with principal polarizations, D = 1, E = 1, so necessarily the complementary polarization is also principal, D ′ = 1. In this situation the matrices of embeddings have a canonical form M k depending on the degree k relative to the polarization, the integer k = X · Θ Y . This is seen for instance in [5] . The moduli space of embeddings of the given type is a quotient of E
The space of surfaces which contain elliptic curves, with embeddings of the given type, is called a Humbert surface. It is obtained as a further quotient of E 1,1,1 [M k ]. See for intance [4] , which also contains the historical references.
General morphisms
The treatment of general morphisms is done by patching together the arguments developed so far for isogenies and embeddings. The starting point is a Poincaré decomposition of morphisms, whose elements are indeed embeddings and isogenies.
Reducibility for morphisms. Let f : V → W be a morphism of polarized abelian varieties. There are an abelian subvariety X ⊂ V , the connected component of 0 in ker(f ), and an abelian subvariety Y ⊂ W , the image of f . The polarizations determine complementary abelian varieties X ′ , Y ′ . As a restriction of f there is an isogeny g :
In this way a diagram is obtained
where the horizontal arrows are isogenies, each a sum of two complementary embeddings as in the preceding section. On the subvarieties are the induced polarizations.
Introducing symplectic bases in all these varieties, the associated diagram of homology groups is represented by a diagram
where n ′ = m and where the integer matrices M, N and P have determinant = 0. The cokernels F, G are isomorphic to the kernels of the horizontal isogenies in the decomposition, i.e. the subgroups X ∩ X ′ and Y ′ ∩ Y . Thus the morphism f is isomorphic to a morphism
that is a quotient of the product morphism 0 × g in the diagram.
The matrices M, N, P satisfy a number of conditions. The product N (0× P )M −1 is an integer matrix. The matrices M, N satisfy property 4.1 in the previous section. More precisely the matrices M and P are related in a strong version of property 4.1.
Lemma 6.1. The condition so that a product morphism 0 × g : Remark 6.2. In the decomposition (6) if X = 0 it is not possible to have on V a pullback polarization. Nevertheless it makes sense to put in evidence the case in which the isogeny g : X ′ → Y preserves the polarizations. This happens if and only if with respect to the symplectic bases the relation D ′ = P t HP holds as in (2) . In this situation we say that f is compatible with the polarizations.
which is of type δ, τ with respect to the symplectic bases, modulo isomorphisms which preserve the bases Γ δ = the product of 6 symplectic groups of the types in δ, which acts on the set of morphisms above by changing the bases, and acts on the set of types τ by producing equivalence under change of basis Γ δ (τ ) = the subgroup of Γ δ stabilizer of τ
morphisms which admit a decomposition of type δ, [τ ] with respect to the polarizations, modulo isomorphisms which preserve the polarizations and consider the natural identification
There is a natural bijection
Proof. Given the varieties X, X ′ , Y, Y ′ with bases for polarizations of the given type, and given an isogeny g : X ′ → Y of the given type. Because of property 4.1 for M there are inclusions F ⊂ X, X ′ . Moreover defining
is obtained. Because the types are related there is on V a basis for a polarization of the given type, as follows from proposition 5.1. Similarly there are inclusions
, a basis for a polarization of the given type. From the strong property 6.1 it follows that the morphism 0 × g : Proof. Let f : V → W be a family of morphisms of the given type, parametrized by T . Locally over open subsets T ′ ⊂ T the families of abelian varieties can be endowed with symplectic bases for the type δ, with respect to which the morphisms occurring in the factorization of f t are represented by a sequence of integer matrices, independent of t, belonging to the type [τ ], for simplicity we may assume it is precisely the sequence τ .
The variety f −1 W 0 , inverse image of the zero section, is the total space of the family of kernels ker(f t ). By hypothesis a family of constant dimension. Denote by X the connected component which contains the zero section V 0 . It is seen moreover that the variety X is the total space of the family of connected kernels ker 0 (f t ).
The family Y = f V, the image of f in the relative sense, also is of constant dimension. So are determined families X ′ , Y ′ defined as complementary varieties relative to the polarizations, and finally is defined a family of isoge- disjoint sum of countably many analytic varieties.
Theorem 6.6. The space F is a coarse moduli space for all morphisms of polarized abelian varieties.
Proof. What is only required in addition is the observation that in a family of morphisms f : V → W the kernel family f −1 W 0 has constant dimension. Hence as in the preceding proof the decomposition is constructed, with respect to which the family is of some well determined type δ, [τ ], and finally a morphism S → F δ [τ ] is obtained. So let n be the generic dimension over S, and call S * the locus over which the fibres have dimension n. Assume that some special fibre ker(f 0 ), over the point o ∈ S, has dimension > n. There exist paths α which pass through the point o moving along the locus S * . For every α there exists a limit variety X α of dimension n, and the special fibre is the reunion of these limit varieties. Moreover necessarily every X α is a subgroup, as a limit of subgroups. In the special fibre there is at most a countable family of algebraic subgroups of dimension n, whose reunion can not make up a subvariety of higher dimension.
